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Useful in many ML methods :
• Dimensionality reduction [Van der Maaten and Hinton, 2008]

• Spectral clustering [Von Luxburg, 2007]

• Kernel machines [Schölkopf and Smola, 2002]

• Semi-supervised learning [Zhou et al., 2003]

• Self-supervised learning [Zbontar et al., 2021]

Affinity Matrices

<latexit sha1_base64="OmDC+tZn61VF1R/exvXHTe06DzE="></latexit>

Dataset X

<latexit sha1_base64="4+3aNPN+ANoNrY4yXYY+wvG4pbI="></latexit>p

Affinity

[Shekhar et al., 2016]

COIL Dataset [Nene et al., 1996]

<latexit sha1_base64="mZXi3wz87xKyyh3yUXxE2qzoovI="></latexit>

Coe�cient (i, j) = similarity between xi and xj .

<latexit sha1_base64="baqf3zMm3cvDd342STFQVdBvlYw="></latexit>

Symmetric matrix with non-negative coe�cients.

<latexit sha1_base64="+fHgIgHxbghtdb7JUOJxTT2Ra0s="></latexit>x2

<latexit sha1_base64="kFZkDFEx5IWqW96GSGpkctdPVJg="></latexit>x1

<latexit sha1_base64="evdJB5FPl41RpY2whw8mp5dXT4U="></latexit>xn

Images

Cells
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Gaussian Affinity (or Gibbs kernel)
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<latexit sha1_base64="o/YBSv/MBssDKms9O6hoNc2tOBU="></latexit>

Gibbs kernel : K = exp(�C/�).

<latexit sha1_base64="x4hsD1A5HP04QdZ8gOMvLEKVSjk="></latexit>

Cost matrix: C 2 Rn⇥n
+ such that C = C> and Cij = 0 () i = j.

<latexit sha1_base64="KMOPpXw8uxNOqkMBamZoS6fg0DQ="></latexit>

Example: Cij = kxi � xjk22.

Fig : Affinity on 5 classes of the COIL Dataset [Nene et al., 1996]
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<latexit sha1_base64="o/YBSv/MBssDKms9O6hoNc2tOBU="></latexit>

Gibbs kernel : K = exp(�C/�).

<latexit sha1_base64="x4hsD1A5HP04QdZ8gOMvLEKVSjk="></latexit>

Cost matrix: C 2 Rn⇥n
+ such that C = C> and Cij = 0 () i = j.

<latexit sha1_base64="KMOPpXw8uxNOqkMBamZoS6fg0DQ="></latexit>

Example: Cij = kxi � xjk22.

Fig : Affinity on 5 classes of the COIL Dataset [Nene et al., 1996]

How to better reveal classes ?
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<latexit sha1_base64="Wh1BUOkRDuPkO5CbII6p02HAzWg="></latexit>

K � diag(K1)�1K <latexit sha1_base64="Xn3C6T2aOFCuCMpKBNMhKwszNOc="></latexit>

# normalize rows

<latexit sha1_base64="o/YBSv/MBssDKms9O6hoNc2tOBU="></latexit>

Gibbs kernel : K = exp(�C/�).
<latexit sha1_base64="q7t3U2jrxMELjlsKThbMAyf4MAw="></latexit>

init
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 Norm - Doubly Stochasticℓ1

Sinkhorn Algorithm

<latexit sha1_base64="Wh1BUOkRDuPkO5CbII6p02HAzWg="></latexit>

K � diag(K1)�1K
<latexit sha1_base64="VE6wPXGSAVmU8cRjYGW4uNNaQg0="></latexit>

K � K diag(1K)�1

<latexit sha1_base64="HY1S9B3VZObJUrzr4cbcBgKe2IU="></latexit>

While not converged:

<latexit sha1_base64="Xn3C6T2aOFCuCMpKBNMhKwszNOc="></latexit>

# normalize rows
<latexit sha1_base64="1Mqg/X/1UU4Vwqe6s0i5S1sqo9Y="></latexit>

# normalize columns

<latexit sha1_base64="o/YBSv/MBssDKms9O6hoNc2tOBU="></latexit>

Gibbs kernel : K = exp(�C/�).
<latexit sha1_base64="q7t3U2jrxMELjlsKThbMAyf4MAw="></latexit>

init

<latexit sha1_base64="C6XwFo3kQws/T5NZERelksWjfvc="></latexit>

DS = {P s.t. P1 = P>1 = 1} .converges to 



Sinkhorn Algorithm

<latexit sha1_base64="Wh1BUOkRDuPkO5CbII6p02HAzWg="></latexit>

K � diag(K1)�1K
<latexit sha1_base64="VE6wPXGSAVmU8cRjYGW4uNNaQg0="></latexit>

K � K diag(1K)�1

<latexit sha1_base64="HY1S9B3VZObJUrzr4cbcBgKe2IU="></latexit>

While not converged:

<latexit sha1_base64="Xn3C6T2aOFCuCMpKBNMhKwszNOc="></latexit>

# normalize rows
<latexit sha1_base64="1Mqg/X/1UU4Vwqe6s0i5S1sqo9Y="></latexit>

# normalize columns

<latexit sha1_base64="C6XwFo3kQws/T5NZERelksWjfvc="></latexit>

DS = {P s.t. P1 = P>1 = 1} .

<latexit sha1_base64="+LL2ze4ymuCHpAGsw/17fYHACp0="></latexit>

ProjKL
E (K) = argminP2EhP, log (P↵K)i<latexit sha1_base64="our0NKutlo6TzY4bzU70VLjb3vQ="></latexit>

For any set E :
<latexit sha1_base64="G2WO62g/9I2sOByJnc9uKZ+LqHU="></latexit>.

<latexit sha1_base64="XHt6WRrZgLV9yaYQItpLXyFPZlU="></latexit>

Sinkhorn iterations compute Pds := ProjKL
DS(K).

<latexit sha1_base64="1njvapLtgwZl5uibD67CbLY9ZR4="></latexit>

Pds solves the optimal transport problem:

<latexit sha1_base64="o/YBSv/MBssDKms9O6hoNc2tOBU="></latexit>

Gibbs kernel : K = exp(�C/�).
<latexit sha1_base64="q7t3U2jrxMELjlsKThbMAyf4MAw="></latexit>

init

Doubly Stochastic Affinity

<latexit sha1_base64="F2AmBpYpIT6Z8b8uHScjsZPXF6w="></latexit>

min
P2Rn⇥n

+

hP,Ci � �
X

i

H(Pi:) s.t. P 2 DS .

12

converges to 



Entropic Optimal Transport
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Optimal Transport Plan

Sources

Targets

Entropic Optimal Transport Plan

<latexit sha1_base64="noJxH/alcmcpQpbWyasif5UPeb8="></latexit>

min
P2Rn⇥n

+

hP,Ci � �
X

i

H(Pi:) s.t. P1 = ↵, P>1 = �.

<latexit sha1_base64="AuOpsciwFhPYC6CLfA8ir8gmago="></latexit>

H(p) = �hp, log p� 1i is the Shannon entropy.

<latexit sha1_base64="1iF4dJJlQ7Sgubkyv8EYZyzAvzw="></latexit>

min
P2Rn⇥n

+

hP,Ci s.t. P1 = ↵, P>1 = �.

Pairwise cost between sources and targets

Entropic OT Entropic regularizer

OT OT plan

Marginals

[Cuturi, 2013]



Symmetric Entropic OT
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<latexit sha1_base64="AuOpsciwFhPYC6CLfA8ir8gmago="></latexit>

H(p) = �hp, log p� 1i is the Shannon entropy.

Pairwise cost among points (SYMMETRIC)

Sym. Entropic OT Entropic regularizer

Sym. OT OT plan

Marginals

<latexit sha1_base64="ANCrcRai9FniUZtbiLvcpzX3nHg="></latexit>

min
P2Rn⇥n

+

hP,Ci � �
X

i

H(Pi:) s.t. P1 = 1, P>1 = 1.

<latexit sha1_base64="I0Y2Kr/8T6kormgXF5vYDWfqtZ4="></latexit>

min
P2Rn⇥n

+

hP,Ci s.t. P1 = 1, P>1 = 1.

Symmetric OT Plan Symmetric Entropic OT Plan



Symmetric Entropic OT
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Sym. Entropic OT Entropic regularizer
<latexit sha1_base64="ANCrcRai9FniUZtbiLvcpzX3nHg="></latexit>

min
P2Rn⇥n

+

hP,Ci � �
X

i

H(Pi:) s.t. P1 = 1, P>1 = 1.

<latexit sha1_base64="E6T3foceHKSZvyUQOA0PYqK0w0c="></latexit>

Interpolates between:

• identity In for � ! 0.

• uniform 1
n1n1>

n for � ! 1.

Sym. Entropic OT Plan, æ=0.1 Sym. Entropic OT Plan, æ=1.0 Sym. Entropic OT Plan, æ=10.0 Sym. Entropic OT Plan, æ=100.0

<latexit sha1_base64="csHzaTnl8MHR0Zm2jZox2xxZqSU="></latexit>

min
P2Rn⇥n

+ ,P1=1,P>1=1
hP,Ci

s.t.

X

i

H(Pi:) � ⌘.

Constrained Formulation

Entropy OT plan



Entropic Affinity

<latexit sha1_base64="pQoUS0YnpDos8+EVPweF6OQYCGc="></latexit>

8i, 8j, P e
ij =

exp (�Cij/"?i )P
` exp (�Ci`/"?i )

with "?i 2 R⇤
+ s.t. H(Pe

i:) = log ⇠ + 1 .

Definition

<latexit sha1_base64="J29Np2Cf0/UInORXlfvrGIQvavM="></latexit>

⇠ 2 [[1, n]] is the perplexity parameter.

<latexit sha1_base64="AuOpsciwFhPYC6CLfA8ir8gmago="></latexit>

H(p) = �hp, log p� 1i is the Shannon entropy.

[Hinton, Roweis 2002]

<latexit sha1_base64="oQv6yPsjomXHx568U4V4f+qH6GE="></latexit>

Data has varying noise levels.

<latexit sha1_base64="g/2yTjFw/7tH5wGN9PiHdcxmUeY="></latexit>

with adaptive bandwidths.

<latexit sha1_base64="Tb987ZWE+oJiwzBIKNuAwRXTQN0="></latexit>

We can control the entropy in each point

16



Entropic Affinity
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<latexit sha1_base64="pQoUS0YnpDos8+EVPweF6OQYCGc="></latexit>

8i, 8j, P e
ij =

exp (�Cij/"?i )P
` exp (�Ci`/"?i )

with "?i 2 R⇤
+ s.t. H(Pe

i:) = log ⇠ + 1 .

Definition [Hinton, Roweis 2002]

<latexit sha1_base64="vcthwnqwSTtT0oB68hl8Wm0AoUQ="></latexit>

(<latexit sha1_base64="v0KRxX3yG9aJME0Cw/0yBu25UKs="></latexit>

H

<latexit sha1_base64="vcthwnqwSTtT0oB68hl8Wm0AoUQ="></latexit>

(

<latexit sha1_base64="Hn+pg+MW/b9MDg+LE1/rtS6hKP8="></latexit>

⇠

<latexit sha1_base64="JIlKf6OeJNabUFJkiCW1DriMxEU="></latexit>

1/⇠

 effective neighborsξ

<latexit sha1_base64="J29Np2Cf0/UInORXlfvrGIQvavM="></latexit>

⇠ 2 [[1, n]] is the perplexity parameter.

<latexit sha1_base64="AuOpsciwFhPYC6CLfA8ir8gmago="></latexit>

H(p) = �hp, log p� 1i is the Shannon entropy.



Entropic Affinity

<latexit sha1_base64="pQoUS0YnpDos8+EVPweF6OQYCGc="></latexit>

8i, 8j, P e
ij =

exp (�Cij/"?i )P
` exp (�Ci`/"?i )

with "?i 2 R⇤
+ s.t. H(Pe

i:) = log ⇠ + 1 .

Definition [Hinton, Roweis 2002]

[Van der Maaten and Hinton, 2008]
<latexit sha1_base64="Q67SYH0uKXOANhqWhxTvoOPMFvU="></latexit>

Pe is not symmetric so Pe = 1
2 (P

e +Pe>) is used in practice.

<latexit sha1_base64="Q67SYH0uKXOANhqWhxTvoOPMFvU="></latexit>

Pe is not symmetric so Pe = 1
2 (P

e +Pe>) is used in practice.<latexit sha1_base64="H7xOEUZW4LOrSvRPxhiglALPsHc="></latexit>.

<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)
18
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Entropic Affinity

<latexit sha1_base64="pQoUS0YnpDos8+EVPweF6OQYCGc="></latexit>

8i, 8j, P e
ij =

exp (�Cij/"?i )P
` exp (�Ci`/"?i )

with "?i 2 R⇤
+ s.t. H(Pe

i:) = log ⇠ + 1 .

Definition [Hinton, Roweis 2002]

[Van der Maaten and Hinton, 2008]
<latexit sha1_base64="Q67SYH0uKXOANhqWhxTvoOPMFvU="></latexit>

Pe is not symmetric so Pe = 1
2 (P

e +Pe>) is used in practice.

Breaks the construction of entropic affinities.

<latexit sha1_base64="Q67SYH0uKXOANhqWhxTvoOPMFvU="></latexit>

Pe is not symmetric so Pe = 1
2 (P

e +Pe>) is used in practice.<latexit sha1_base64="H7xOEUZW4LOrSvRPxhiglALPsHc="></latexit>.

<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)
19
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Affinity Panorama
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*

<latexit sha1_base64="3+wCGCspw7owEcrZURqvQ5MZAkg="></latexit>

Pe = ProjKL
H⇠

(K)
<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)
<latexit sha1_base64="zFTBTROf5CASUc6bhgggP2tuX3U="></latexit>

Pds = ProjKL
DS(K)

<latexit sha1_base64="WRqwzhLcouXnLKNdJRYYWBeu/Gc="></latexit>

K = exp(�C/�)
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**  is average perplexity —> same global entropy as with .ξ ξ = ξ

* On 5 classes of the COIL Dataset [Nene et al., 1996]

Gibbs kernel Doubly-Sto Entropic Entropic (  Sym)ℓ2

 normℓ1

Perplexity

Symmetry

Affinity
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Affinity Panorama
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**  is average perplexity —> same global entropy as with .ξ ξ = ξ

*

* On 5 classes of the COIL Dataset [Nene et al., 1996]

Entropies not controlled.

<latexit sha1_base64="3+wCGCspw7owEcrZURqvQ5MZAkg="></latexit>

Pe = ProjKL
H⇠

(K)
<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)
<latexit sha1_base64="zFTBTROf5CASUc6bhgggP2tuX3U="></latexit>

Pds = ProjKL
DS(K)

<latexit sha1_base64="WRqwzhLcouXnLKNdJRYYWBeu/Gc="></latexit>

K = exp(�C/�)

**

Gibbs kernel Doubly-Sto Entropic Entropic (  Sym)ℓ2

 normℓ1

Perplexity

Symmetry

Affinity



Affinity Panorama
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Can we control  norm, entropy and symmetry ? ℓ1

<latexit sha1_base64="3+wCGCspw7owEcrZURqvQ5MZAkg="></latexit>

Pe = ProjKL
H⇠

(K)
<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)
<latexit sha1_base64="zFTBTROf5CASUc6bhgggP2tuX3U="></latexit>

Pds = ProjKL
DS(K)

<latexit sha1_base64="WRqwzhLcouXnLKNdJRYYWBeu/Gc="></latexit>

K = exp(�C/�)
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Gibbs kernel Doubly-Sto Entropic Entropic (  Sym)ℓ2
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Definition

Symmetric Entropic Affinity

Entropic Affinity as OT

<latexit sha1_base64="GYzaWIfSd93zWKqq31jZ/qTBf9g="></latexit>

H⇠ := {P 2 Rn⇥n
+ s.t.P1 = 1 and 8i, H(Pi:) � log ⇠ + 1}

<latexit sha1_base64="bkZUBWeC/zewjk/SQotVFAXAg1E="></latexit>

The constraints in H⇠ are saturated at the optimum.

<latexit sha1_base64="w1dDWc/yupV2YUGEHhK3L8nyPDI="></latexit>

Pe = argmin
P2H⇠

hP,Ci.

<latexit sha1_base64="KwgMpY4SiP8jby6Y2C7J+/9xVaM="></latexit>

Pse := argmin
P2H⇠\S

hP,Ci.

<latexit sha1_base64="xFVHwTBKESPCV/vRHK5GWLa8WzM="></latexit>P
i pi = 1

<latexit sha1_base64="TdWuumOMB4Iyb5B17ZptHxTLvWg="></latexit>

H(p)(0,...,0,1,0,...,0)

1
n

(1,...,1)
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OURS

<latexit sha1_base64="Bd7hcWbGcv9wa2D9VjVGgE1q3cU="></latexit>

Symmetric matrices S = {P s.t. P = P>}.



Definition

Symmetric Entropic Affinity

Entropic Affinity as OT

<latexit sha1_base64="GYzaWIfSd93zWKqq31jZ/qTBf9g="></latexit>

H⇠ := {P 2 Rn⇥n
+ s.t.P1 = 1 and 8i, H(Pi:) � log ⇠ + 1}

<latexit sha1_base64="bkZUBWeC/zewjk/SQotVFAXAg1E="></latexit>

The constraints in H⇠ are saturated at the optimum.

<latexit sha1_base64="w1dDWc/yupV2YUGEHhK3L8nyPDI="></latexit>

Pe = argmin
P2H⇠

hP,Ci.

<latexit sha1_base64="KwgMpY4SiP8jby6Y2C7J+/9xVaM="></latexit>

Pse := argmin
P2H⇠\S

hP,Ci.

<latexit sha1_base64="xFVHwTBKESPCV/vRHK5GWLa8WzM="></latexit>P
i pi = 1

<latexit sha1_base64="TdWuumOMB4Iyb5B17ZptHxTLvWg="></latexit>

H(p)(0,...,0,1,0,...,0)

1
n

(1,...,1)

24

Enforce Symmetry

OURS

<latexit sha1_base64="Bd7hcWbGcv9wa2D9VjVGgE1q3cU="></latexit>

Symmetric matrices S = {P s.t. P = P>}.



Symmetric Entropic Affinity

Property
<latexit sha1_base64="9yTvP6DYLfpuipK6d/rttvpG4Hc="></latexit>

For at least n� 1 indices i 2 [[n]], it holds H(Pse
i: ) = log ⇠ + 1.

<latexit sha1_base64="k6tVAMikF3YH5i5MSaqNuVMQGro="></latexit>

In practice, we have n saturated entropies.

Definition
<latexit sha1_base64="KwgMpY4SiP8jby6Y2C7J+/9xVaM="></latexit>

Pse := argmin
P2H⇠\S

hP,Ci.

25

Enforce Symmetry

Dual Ascent <latexit sha1_base64="iph97eDWIRylE/N1siBgRde7NkY="></latexit>

Pse = exp ((�? � �? � 2C)↵ (�? � �?))
<latexit sha1_base64="eRRSfw5UkO+zvf/0w3j5NV0MGd0="></latexit>

where �? and �? are computed using dual ascent.

<latexit sha1_base64="GYzaWIfSd93zWKqq31jZ/qTBf9g="></latexit>

H⇠ := {P 2 Rn⇥n
+ s.t.P1 = 1 and 8i, H(Pi:) � log ⇠ + 1}

OURS



Formulation via Projection
Negative Entropy `2 Norm
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Entropic Affinity as Projection

<latexit sha1_base64="qG49r1TQ6J/8suX+qN6Kqlb29nQ="></latexit>

Pse = ProjKL
H⇠\S

(K�) for any 0 < �  mini �?
i .

<latexit sha1_base64="7VFqQXhv2CUEHI8QZqtL30pOqz8="></latexit>

Pe = ProjKL
H⇠

(K�) for any 0 < �  mini "?i .

Symmetric Entropic Affinity as Projection

<latexit sha1_base64="xJsVbcri5Nm9DhdYvJDQ23QudME="></latexit>

Pe = Proj`2S (Pe) is a mixture of KL and `2 projections.

<latexit sha1_base64="Td3mQnuUxgDM4RCKGFcKonLKOWI="></latexit>

Gibbs kernel : K� := exp(�C/�) .

<latexit sha1_base64="+LL2ze4ymuCHpAGsw/17fYHACp0="></latexit>

ProjKL
E (K) = argminP2EhP, log (P↵K)i

<latexit sha1_base64="tA2u8Ps1HIHQCQb0he6YBsTA8W8="> hlRLTPbwqbazKI8Mfyf5tijXLubCpNXxej81XN2PNvLpROpV4uVBOr7+Nqr85+ExPIVVzMVrWMczL4u3rAFf4Tf8hX+xL7EfsYvYr67r7EzEPIIrT+zPfxDBs1M=</latexit>

Proj`2E (K) = argminP2E kP�Kk2

<latexit sha1_base64="our0NKutlo6TzY4bzU70VLjb3vQ="></latexit>

For any set E :

26



Affinity Panorama
Gibbs kernel Doubly-Sto Entropic Entropic (  Sym)ℓ2 Sym-Entropic 

<latexit sha1_base64="3+wCGCspw7owEcrZURqvQ5MZAkg="></latexit>

Pe = ProjKL
H⇠

(K)
<latexit sha1_base64="D71KWWMwD2LLzRpz5N9K3v9Qqqo="></latexit>

Pse = ProjKL
H⇠\S

(K)
<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)
<latexit sha1_base64="zFTBTROf5CASUc6bhgggP2tuX3U="></latexit>

Pds = ProjKL
DS(K)

<latexit sha1_base64="WRqwzhLcouXnLKNdJRYYWBeu/Gc="></latexit>

K = exp(�C/�)
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OURS

* On 5 classes of the COIL Dataset [Nene et al., 1996]

* 

**  is average perplexity —> same global entropy as with .ξ ξ = ξ

**
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Affinity Panorama
Gibbs kernel Doubly-Sto Entropic Entropic (  Sym)ℓ2 Sym-Entropic 

<latexit sha1_base64="3+wCGCspw7owEcrZURqvQ5MZAkg="></latexit>

Pe = ProjKL
H⇠

(K)
<latexit sha1_base64="D71KWWMwD2LLzRpz5N9K3v9Qqqo="></latexit>

Pse = ProjKL
H⇠\S

(K)
<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)
<latexit sha1_base64="zFTBTROf5CASUc6bhgggP2tuX3U="></latexit>

Pds = ProjKL
DS(K)

<latexit sha1_base64="WRqwzhLcouXnLKNdJRYYWBeu/Gc="></latexit>

K = exp(�C/�)
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Effective control over entropies.

OURS
* 

**

* On 5 classes of the COIL Dataset [Nene et al., 1996]

**  is average perplexity —> same global entropy as with .ξ ξ = ξ 28



Affinity Panorama
Gibbs kernel Doubly-Sto Entropic Entropic (  Sym)ℓ2 Sym-Entropic 

<latexit sha1_base64="3+wCGCspw7owEcrZURqvQ5MZAkg="></latexit>

Pe = ProjKL
H⇠

(K)
<latexit sha1_base64="D71KWWMwD2LLzRpz5N9K3v9Qqqo="></latexit>

Pse = ProjKL
H⇠\S

(K)
<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)
<latexit sha1_base64="zFTBTROf5CASUc6bhgggP2tuX3U="></latexit>

Pds = ProjKL
DS(K)

<latexit sha1_base64="WRqwzhLcouXnLKNdJRYYWBeu/Gc="></latexit>

K = exp(�C/�)

K (ª=20) Pds (ª=20) Pe (ª=20) Pe (ª=20) Pse (ª=20)
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Controls  norm, entropy and symmetry at the same time. ℓ1



# null eigenvalues 
=

# clusters

Visualization on toy example

<latexit sha1_base64="YV86kpbaS+uTujjH1bB5mZWVnpA="></latexit>

• Perplexity is set to ⇠ = 5 (average for Pds).

• Pse can adapt to the varying noise levels.

• Pds retrieves many unwanted clusters.
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<latexit sha1_base64="RAN8a8mbnmbM/MnTMezs27lf2h4="></latexit>

min
P�0,P1=1,P2S

hP,Ci
<latexit sha1_base64="RAN8a8mbnmbM/MnTMezs27lf2h4="></latexit>

min
P�0,P1=1,P2S

hP,Ci
<latexit sha1_base64="K+xirdpDyVpVh9Uk4ziuD0/GrZs="></latexit>X

i

H(Pi:) � n(log ⇠ + 1)
<latexit sha1_base64="aKX/P9ay5kY6Pp6RJ2mPPcAfc44="></latexit>

8i, H(Pi:) � log ⇠ + 1

<latexit sha1_base64="w3ETWSbLza7y9wtT8XnsM9j1gXY="></latexit>

Symmetric OT

<latexit sha1_base64="sXycViyuSKFkRBJ/LvLsHyrYgrM="></latexit>

Global vs Pointwise

Doubly-Stochastic Symmetric-Entropic 
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Spectral Clustering Results
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Pe Pse Pst Prs Pds

<latexit sha1_base64="lquXhuAXTF5xrpTtSmrPnY1DZXI="></latexit>

• Prs is the `2 symmetrized row-stochastic Gaussian kernel
with constant bandwidth.

• Pst is the self-tuning a�nity.

• Pse consistently outperforms other a�nities (except Pst on CIFAR).

31

[Zelnik-Manor et al., 2004]



Part II: Application to Dimensionality 
Reduction

<latexit sha1_base64="8taHXVxDph/O0sqk67Amrxh0o1s="></latexit>

obtain

<latexit sha1_base64="WEvsKXfPK1fFg/XRGJVDvDbI2rU="></latexit>

X ⇢ Rp
<latexit sha1_base64="ckv2/2iazaWQgEHSkzhE7R/0HUs="></latexit>

Z ⇢ Rd

32



<latexit sha1_base64="WEvsKXfPK1fFg/XRGJVDvDbI2rU="></latexit>

X ⇢ Rp
<latexit sha1_base64="ckv2/2iazaWQgEHSkzhE7R/0HUs="></latexit>

Z ⇢ Rd

<latexit sha1_base64="5mciMhSb2wQpq7S8z2bid0elQK0="></latexit>x1
<latexit sha1_base64="T2w1tdTHIzEp8GFU6VwcKZ7Mx2E="></latexit>x2

<latexit sha1_base64="V4qZhVNVezkFbepgmNcFB+dSlw0="></latexit>xn
<latexit sha1_base64="v0P3327BnenJlw6mGSENMgnEcXU="></latexit>zn

<latexit sha1_base64="jn4Kx6OQFEixJSJhqBy85X27pe8="></latexit>z1
<latexit sha1_base64="UdClM0RA5yOxr1aNs0SP6M3+1i0="></latexit>z2

<latexit sha1_base64="sO1FnFQuvZDqpAHqe58ieH0IwMw="></latexit>

p (large)
<latexit sha1_base64="lLFkqzxl2awA2GKMF5VW2gC4/kw="></latexit>

d (small)

<latexit sha1_base64="OmDC+tZn61VF1R/exvXHTe06DzE="></latexit>

Dataset X
<latexit sha1_base64="+3DfXrbv+Ieo56G/+ghfds9YY4w="></latexit>

Embedding Z

Dimensionality Reduction

<latexit sha1_base64="+b1lhMeUTBGRf53XIyMNG9w76+I="></latexit>

The goal is to capture the geometry in X and reproduce it in Z.
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SNE & SNEkhorn

<latexit sha1_base64="fEC70ZCSucqjnu8VcTzShWnXGzQ="></latexit>

[CZ]ij =
�
log(1 + kZi: � Zj:k22)

�
ij
.

<latexit sha1_base64="e6nphww1jf77Q93gHX/uBdLYIC8="></latexit>

Extension to t-SNE / t-SNEkhorn with heavy-tailed kernels:
[Van der Maaten and Hinton, 2008]

34

<latexit sha1_base64="5mciMhSb2wQpq7S8z2bid0elQK0="></latexit>x1
<latexit sha1_base64="T2w1tdTHIzEp8GFU6VwcKZ7Mx2E="></latexit>x2

<latexit sha1_base64="V4qZhVNVezkFbepgmNcFB+dSlw0="></latexit>xn
<latexit sha1_base64="v0P3327BnenJlw6mGSENMgnEcXU="></latexit>zn

<latexit sha1_base64="jn4Kx6OQFEixJSJhqBy85X27pe8="></latexit>z1
<latexit sha1_base64="UdClM0RA5yOxr1aNs0SP6M3+1i0="></latexit>z2

<latexit sha1_base64="sO1FnFQuvZDqpAHqe58ieH0IwMw="></latexit>

p (large)
<latexit sha1_base64="lLFkqzxl2awA2GKMF5VW2gC4/kw="></latexit>

d (small)

<latexit sha1_base64="OmDC+tZn61VF1R/exvXHTe06DzE="></latexit>

Dataset X
<latexit sha1_base64="+3DfXrbv+Ieo56G/+ghfds9YY4w="></latexit>

Embedding Z
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Stochastic Neighbor Embedding (SNE)
<latexit sha1_base64="nGkLg9tYhIvfg0aw9Z9eqFAZWaE="></latexit>

min
Z2Rn⇥d

KL(Pe|eQZ)
<latexit sha1_base64="v5PEXBFOlt8AxYSlLAEtCYb5tOI="></latexit>

where [eQZ]ij = exp(�[CZ]ij)/
P

`,t exp(�[CZ]`t).

SNEkhorn
<latexit sha1_base64="R+n8afZ9494GnxTMSI2PVNLKzk0="></latexit>

min
Z2Rn⇥d

KL
�
Pse|Qds

Z

�

<latexit sha1_base64="fpVjxdRrYqpbdMHCm7tIHLp+sJI=">AAANHnicnZZRbxJBEMenarVW1FYffTmlTYypBIhR00TTlpo0tlbaFGjgkNwdC1573F3ujkJz5bv4EfwUvhnfjL6oj/otnB0OaGFhSe8C7M7O7z+7s2F3dNcy/SCZ/Dlz5eq12es35m7O34rdvnN3YfFe3neansFyhmM53qGu+cwybZYLzMBih67HtIZusYJ+nOHjhRPm+aZjHwSnLis3tLpt1kxDC9BUWXibcfxAaWiBZ7YVnQ </latexit>

Cost matrix between embeddings: [CZ]ij = kZi: � Zj:k22.

<latexit sha1_base64="Y//thWOCRpjW68/nCM9me/qzYgI="></latexit>

where Qds
Z = exp (fZ � fZ �CZ) is the DS-normalized a�nity.

<latexit sha1_base64="Y//thWOCRpjW68/nCM9me/qzYgI="></latexit>

where Qds
Z = exp (fZ � fZ �CZ) is the DS-normalized a�nity.

SNAREseq Single Cell data

OURS



Toy example: varying noise levels

<latexit sha1_base64="FB7/V/HkZLtnw9OP6KOAgxj4oCs="></latexit>

x̃i ⇠

8
<

:

M(1000,p1), 1  i  500
M(1000,p2), 501  i  750
M(2000,p2), 751  i  1000 .

<latexit sha1_base64="LJu8uhH72PQlkVsFS/md/iXAyFU="></latexit>

p1 and p2 taken in the 104-dimensional probability simplex.

<latexit sha1_base64="5RQ+bi9wFxlnWZWgBY7JGEAzLu8="></latexit>

SNE is mislead by the batch e↵ect unlike SNEkhorn.
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Pe Symmetric-SNE Pse SNEkhorn

p1

p22e-04
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8e-04
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8e-04

1e-03

<latexit sha1_base64="WNg4LIgOAp5T7/tHo9WbrL1YmhY="></latexit>

xi = x̃i/(
P

j x̃ij),



Dimension Reduction Results

36

t-SNEkhorn outperforms t-SNE and UMAP on various real-world datasets.
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COIL-20 Image data

* Simple t-SNEkhorn —> t-SNEkhorn with same affinity as t-SNE for the embeddings  (not doubly stochastic).Z

*
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Dimension Reduction Results
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Conclusion
We provide a new symmetric affinity matrix, controlling for each row/column: 

We show its robustness to heteroscedastic noise (crucial for single cell data). 

 normℓ1 Shannon entropy.&

Based on this affinity, we propose a new DR method : SNEkhorn.

Python code available at :

https://github.com/PythonOT/SNEkhorn

SNEkhorn : Dimension Reduction with 
Symmetric Entropic Affinities

NeurIPS 2023 
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Part III: Future Works : OT with 
Adaptive Regularisation
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