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Dimension Reduction
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Dimension reduction

4 Preserving geometric properties

p (large) d (small)
: : X € R™P 7 e Rnxd
l d<p Sl
_____ i
Dataset X Embedding Z pode




Dimension reduction

4 Preserving geometric structure

p (large) d (small)
- - X € R
b d<p “.. "
_____ e
Dataset X Embedding Z e
+ Affinity Matrices
< p > Images COIL ataset [Nene et al., 1996]
T o ey
T . : :
)
—
Xn Cells

- Afﬁnity Dataset X @ @ @ @ <‘>

Symmetric matrix with non-negative coeflicients.

Coeflicient (¢,j) = similarity between x; and x,.



Dimension reduction

4+ A general optimization problem
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Dimension reduction

4+ A general optimization problem

min Cylii s [C i-) .
o, ijzzl ([ xlij » [C2]; ) forsomeloss L: RXR — R

4 Principal components analysis

Hist. of projected data

14 - —_— r;—:construction el*rror :
—— variance of proj. data —
o Original 2D data 1> - | (Pearson, 1901)
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Dimension reduction

* ° ° °
A general optimization problem C,
n
min L ([Cx]ij ; [Cz]ij> forsomeloss L : RXR — R
ZeR™d &
i,j=1
4 Principal components analysis
Hist. of projected data
14 - —_ r:aconstruction el*rror St
—— variance of proj. data .
o Original 2D data 17 - | (Pearson, 1901) (Torgerson, 1958)
5 - 10 | Preserving the inner products
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Dimension reduction
4+ Spectral methods
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Dimension reduction
4+ Spectral methods

Cy >0 — ,—

- * o o0 T

X > solution 27 = WALy Aava)
Inllld E , [CX]ij — (Zl-, Zj> —» . i-thlaregest eicenvalue of C

ZeR" o (Eckart & Young, 1936) ! 5 5 *

with eigenvector V;

[Cxli; = (P(X)), Cb(Xj»%



Dimension reduction

4+ Spectral methods
Cy >0

> 7 T
o = WAV oy Agva)
min Z ([CX]ij — <Zi’ Zj>> M’ /1 i-th lar

ZeRM<d — Eckart & Young, 1936) gest eigenvalue of Cy

with eigenvector V;

4+ Kernel PCA Cy > 0 [Cxli; = (D (X)), p(X)) o
PCA: Cy = XX (Z « SVD(X))

(Scholkopf, 1997)



Dimension reduction

4+ Spectral methods
Cy >0

. B 7* = \/A T
min [Cy].; — <Z- Z-) solution ( 1V1> "0y ;tdvd)
Ay v . /1 i-th lar

' lue of
ZcR"*d — Eokart & Young, 1936 gest eigenvalue of Cy

with eigenvector V;

4+ Kernel PCA Cy > 0 [Cxli; = (D (X)), p(X)) o

PCA: Cy = XX (Z « SVD(X))
(classical) Multidimensional scaling: Cy = — EHDXH

(Scholkopf, 1997)



Dimension reduction

4+ Spectral methods
Cy >0

. B 7* = T
min [Cy ] — (z, z-) solution WV A4VE 0y 4qVa)
Ay v . /1 i-th lar

' lue of
ZcR"*d = Eokart & Young, 1936 gest eigenvalue of Cy

with eigenvector V;

4+ Kernel PCA Cy > 0 CX] (P(X)), Cb(X))%

PCA: Cy = XX (Z « SVD(X))

(classical) Multidimensional scaling: Cy = — EHDXH

Laplacian Eigenmap (spectral embedding): C, = L.
(Belkin & Niyogi, 2003) :

Locally Linear Embedding, Ditfusion Map ...

(Roweis & Saul, 2000) (Coifman & Lafon, 2006)

- 1§ rca

Spectral §
embedding




Dimension reduction

Total citations  Cited by 36223

2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

4 Neighbor embedding methods

min KL(C =, [C i.)
ZeR"xd ijzzl [ X]] [ Z]J




Dimension reduction

Total citations  Cited by 36223

2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

4 Neighbor embedding methods

min KL(C =, [C i.)
ZeR"xd ijzzl [ X]] [ Z]J

4+ Kullback-Leiber divergence

KL(a,b) = alog(a/b) —a+ b = Dyla, b)
Shannon-Boltzman entropy gb(x) = X log(x) —x+1

2
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Dimension reduction

Total citations  Cited by 36223

2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

4 Neighbor embedding methods

When )| [Cxl; = D [C/]; (same mass)

min Z KL <[CX]U- : [CZ]Z.]) ~ min _Z_:[ xly log o
ZER™d £ ik
L,j=1 KL

4+ Kullback-Leiber divergence

KL(a,b) = alog(a/b) —a+ b = Dyla, b)
Shannon-Boltzman entropy gb(x) = X log(x) —x+1

2
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Dimension reduction

Total citations  Cited by 36223

2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024

4 Neighbor embedding methods

i, I,

When ) [Cyly = ) [C/]; (same mass)

min Z KL ([CX]U : [CZ]Z.]) ~ min _Z,[ xly log o
ZER™d 4 L=
1,j=1 KL

4+ Kullback-Leiber divergence

KL(a,b) = alog(a/b) —a+ b = Dyla, b)
Shannon-Boltzman entropy gb(x) = X log(x) —x+1
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Dimension reduction

4 SNE (Hinton & Roweis, 2002)

Embedding space

exp( —||z; — ZJH%)
[CZ]ij —

2 exp( —llz; — ]I3)

(=P31D))




Dimension reduction

4 SNE (Hinton & Roweis, 2002)

Input space

[CX]lj —

Embedding space
2
exp( —||z; — z[3)

2 exp( —llz; — ]I3)

exp( —||x; — Xj||%/26i2)
> exp( —=Ix; = x¢[13/267) [Cl; =

(=P31D))




Dimension reduction 7 oo 7 C;
4 SNE (Hinton & Roweis, 2002 |\ 77— =
Input space Embedding space
C.]. = exp( —[Ix; — x;[13/257) exp( |z — 22
Y exp( —lIx; — x,]13/207) [C/l; = (= P(j| )

4+ Local bandwidths optimized s.t.
Vi, entropy( [Cx];. ) = log(perplexity)

+ Perplexity = effective number of neighbors

+ Account for varying density

Y exp( —lIz — #13)
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—10 A

Constant bandwidth

X
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4 (t)-SNE (van der Maaten & Hinton, 2008)

+ Crowding effect: Student t-distribution
instead of Gaussian in Z
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DimenSion re dUCtiOn (Van Assel et al., 2023)
SNE t-SNE OURS

Gibbs kernel =~ Doubly-Sto Entropic  Entropic (£, Sym) Sym-Entropic
K =exp(-C/o)  P®=Projps(K) P°=Projy/(K)  P°=Proj¢(P°) P =Projy/ns(K)

Pds (£=20) P¢ (£=20) Pe(§=20) P (£=20)

11 10—5

Marginal

£6

o

i)

e

L 20

e

—

£

M 0.4 - 0.4 0.4
=

)

é 0.0 0.0 0.0
oy

Sample Sample Sample Sample Sample

t-SNE fails at controlling the entropy when symmetrizing
2



DimenSiOn reduCtiOn (Van Assel et al., 2023)
SNE t-SNE OURS

Gibbs kernel =~ Doubly-Sto Entropic  Entropic (£, Sym) Sym-Entropic

K =exp(—C/o) Pds — Proj%g(K) P® = Pl"oquilg (K) Pe = PTOJ% (Pe) P*= Projgng(K)

P* (£=20) Pe(6=20)  Pe (£=20) P*¢ (¢=20)

n 10—3
L 10—5
37
20
g
= 11
Z 60 -
o
i)
e
QO 20 -
e
S
= 0.4 - 0.4 0.4
=
)
£ 0.0 0.0 0.0
:
Sample Sample Sample Sample Sample

Controls £ norm, entropy and symmetry at the same time.
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Framing DR in terms of distributions

Measure and probability distributions are at the core
of Machine learning.

Data: (X;)ie[n] ;Xi € RY —— A probability distribution describing the data

Lagrangian: Y. | a;0,,

a = (a’t)ze[[n]] SIDI

|||||

|||||

|||||

|||||

(point clouds) (histograms)

0x,; (x) = 1 if x = x; else 0 r; fixed position (grid)
23 23



Framing DR in terms of distributions

Measure and probability distributions are at the core
of Machine learning.

A point of view on the data
Data: (x@-)ie[[n]] ' X, € RI— A probability distribution describing the data

A formalism for many machine learning paradigms

ERM) min E [L(f(z),y)] B= i Oiwe)
fo(zy)~p
Likehood) max [E [log([Pg(x _ 15y
( ) 0c6 xw,u[ g( 9( ))] = - 27;1 Ox,
GAN min D v
(GAN) min D(ye, v) | 7
(Signal processing) Recover a sparse signal Vit A :
v
. 1 2 — .
min =y — @ * + R =), w;e,
L ly — ¢ pll72 + R(p) 5



From linear Optimal Transport
to Gromov-Wasserstein
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From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

Kantorovitch Formulation

Two probability distributions A cost function
ue PI) c(x,y) : I XY - R
veE PY)

U e P(A) istransportedto 1 € S(Y/) byatransportplan T € P(X X Y)

We want to find the plan that minimizes the overall cost of moving all the points.

inf jC(x, y)dT(x,y)
Tell(u,y)

26



From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

A= y a.o
;t g;l&"n;ék
o

. -
‘1/ = Zk:bjéyj

> =1

a IIII IIIII b




From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

. n

U = 2 aiéxl- n # k Find plan T & RZZ_Xk

i=1
O

. .

L 2 A 3) .. me 2 A yj)Tij

% . i
‘ U = 2 bj5Yj

> =1

a IIII IIIII b



From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)
\ n Tl =a
//t=;a.5l ntk Find plan T € RZ-Xk —P Coupling Tl =b

II(a, b)
min E C(X., Y; 7;
( 1 ])

®
. LY
°* @ d
a ll I IIIII
A “""’1\\
Intrepid Sea, Air Saygegie (il Q 7

Bakeries = quantity of breads Mg o L Y o

which constraints ?

L H‘LL'S KITCHEN
| . X . . . @ll Gershwin Theatre Q S (M|
OC- Z q Uantlty. CIJZ The Museum ©
l \ f Modern A 59 Tra
\ Crowne Plaza Times M) of Modern Art o / ')"’).,g) ;)
OTEL N Square Manhattan """?f,&,
. | APRN. NEeW YOrK
C f/ d d f b d ? . \ Rockefeller Center (M
a eS — eman O rea S 4 (,.000/0 4 Times Square Q > O Q St Patrick's Cathedral
I c . d d . b ter Q }"/7/;6,/ Discovery Thnes SquUNg
oc: Y ] emand: () ot TiaNe e
'] ‘_:\:\ _\:S New YQ\'k Ney k
= C\\ L The Knickerbo®ser
: : M \ MIDTOWN  MeNfeBuilding

Distance between bakeries ON YARDS ® The Lexington Hotel,

f ’ o The New Yorker Bryaat Pa\rk ARIQYraR Collcction

and Ca eS B&H Photo Video - The Ayndnam
world's largest source. 0 m @ Chrysler Building
Hotel Pennsylvania The Westin New
C(X . y .) O Chelsea Park B York Grand Central
l, ] (M Pod 39
e 0 Empire State Buildna = = Tunab ,siTv

We want to route all the breads from bakeries to cafés the
cheapest way



From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

vy @ min
‘- -dgx‘.’ ‘?). ‘o T
o

alll IIIII

Bakeries = quantity of breads

X.

loc: ;

quantity: 4 ;

Cafés = demand of breads

Distance between bakeries
and cafés

C(Xia y])

Find plan T € IRfll_Xk

Z c(X; y)T;

which constraints ?

T'l, =a

—P Coupling

.7

I1(a, b) t

Semi-relaxed coupling
T1 _—
T'1l,=a
~ assign in k-means

C(Xia yJ)Y-;]

* %
o *
o
~/ Mmin min

b Tell(a,b) *=

Y
-
Carnegie Hall S
@ Intrepid Sea, Air negie Ha Q .
& Space Museum e 7a £
Pier 84
& HELL'S KITCHEN M ‘
< Gershwin Theatre Q m
The Museum ©
Crowne Plaza Times of Modern Art 59y, Tra
\ Crowne Plaza Times m Eo 7 Sy P
= Square Manhattan "’f,ﬁ,S
a YOTEL New York v
\ Rockefeller Center (M|
. \ Times Square
o”oo/ \ Q 0 o Q St. Patrick's Cathedral
nts 7 \
i scove 2e S S
ter Q ey Discovery Thnes Squ @ z d
\ " = >
A Madame Tussh@is N aldorf A M
I & New Y\ork @ New Yor k
$ S\ The Knickerbo™ker
” \ Pod 51
(M) MIDTOWN MeNife Building
The Lexington Hotel,
ON YARDS Q AtitoarabhCallection
o The New Yorker Bryaat Park ST TN ) o
A Wyndham {
Ba.H Photo Video - The -
vorld's largest source. 0 m @ Chrysler Building
Hotel Pennsylvania T'he Westin New
O Chelsea Park B York Grand Central
(M Pod 39
Line
0 Empire State Buildna = = Tunab ,siTv

T e [0,

l]nxk

We want to route all the breads from bakeries to cafés the

cheapest way



From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

n TTl =d
A . n
;1 O I1(a, b) k
. ® min Z X., V)T
C 3 R T c(x j ) Y Semi-relaxed coupling

o« ® K ij "**

‘ T'l =a
> j= ~ assign in k-means ® o *

which constraints ?

~ min min Zc(xi, YT
allll Illllb b Tellah)

4 Gromov-Wasserstein

n#k 4

7;~ . (Sturm, 2012) (Mémoli, 2011)
) z)

@




From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

A N Tl =a
;1 O [1(a, D)
. ® min Z c(X.,¥.)7T::
o RN T (x; yf) Y Semi-relaxed coupling
o« ® K ij "**
‘ Tl =ua
> =l . : ~ assign in k-means ° *
which constraints ? ®

~ min min Zc(xi, YT
allll Illllb b Tellah)

4 Gromov-Wasserstein

- n#k 1’
Z~~ . (Sturm, 2012) (Mémoli, 2011)
g
~ z)
@

Quadratic OT: find the plan

min Z L <[CX]ik : [CY]jl> L1y

Tell(a,b) ik

~@




From Wasserstein to Gromov-Wasserstein

4+ Classical optimal transport (in a nutshell)

A n —» Coupli TTln = 4a
=Y as, : k ouplin °
H ;a  n#k Find plan T € R"~ Hpbg Tl,=b 'y
o © (a,b) !
® min Z X..v.)T.. T € [0,1]™
C 3 SN T X Y1 Semi-relaxed coupling [0:1]
-® r '
o ‘ k ] TTl —qa *
® V= 2bj63’j o ?’ x
> j= . : ~ assign in k-means *
which constraints ? . . Z (% YT ®
~ min min c(x;, y)T;
allll IIIII b b Tellah) Y

4 Gromov-Wasserstein

n#k ,, N
2~ j/\’ (Sturm, 2012) (Mémoli, 2011)
I L 3 V . .
) 4+ L measures distorsion -
0 2
A ’ [CX]ik — [CY]]'Z‘ _ :

eceenssnsnsl
‘s

P e

+ Goal : preserving pairwise | -
Quadratic OT: find the plan connectivity - i
. 1 € P(R?)
Tenﬁ%nb) Z L ([CX] i » LCyl jl> Tikal 4 Distance w.r.t. isomorphisms
a,

ijkl + Difficult quadratic problem (NP-hard)



From Wasserstein to Gromov-Wasserstein

4 Gromov-Wasserstein

. n#k
’ﬁ\ J./\? (Sturm, 2012)  (Mémoli, 2011)
N W : :
') 4+ L measures distorsion

2
; (Culi =[Gy

4+ Goal : preserving pairwise

Quadratic OT: find the plan

connectivity
min Z L ([CX]ik : [CY]J-Z> T, T}, + Non-convex quadratic
Tellab) problem (NP-hard)

y 4 Distance w.r.t.

isomorphisms, on the space
of metric measure spaces

X=(X,cx,u€P(X))

Y:(y,Cy,VEP(y))

<
'

- ...---_-m.

".‘ .
| - ! ‘_:“...‘

e |
u € P(R?)

GW(X,Y) = 0 iff
do: X =Y
Isometry

cx(z,z') = cy(¢(z), ¢(z'))

Measure preserving

PHU =V



From Wasserstein to Gromov-Wasserstein

4 Gromov-Wasserstein

n#k * 4 ;‘l'.'.ﬁli'l'§°
fi . (Sturm, 2012) (Mémoli, 2011)
N
~
~

% . .
.) 4 L measures distorsion
o

2
[Cxlie = G|

8
8

L 23322

essoesnssnan

4+ Goal : preserving pairwise
connectivity

min L( Cyl.. ., [C -)T-.T 4 Non-convex quadratic
TEH(a,b)Z [ X]zk [ Y]]l ij* ki q

ijkl problem (NP-hard)

Quadratic OT: find the plan

B AT L

=

m e

= (3
[ T——

4 Semi relaxed Gromov-Wasserstein  tvincent-Cuaz, 2022)

GW(C, h, C, h) = 0.219 SrGW(C, h, C) = 0.05 min Z I <[CX]ik , [CY]jl) T, Ty,
T
ijki

=d




From Wasserstein to Gromov-Wasserstein

4 Gromov-Wasserstein

otk , P Ap
/i . (Sturm, 2012) (Mémoli, 2011)
~
N
N

% . .
.) 4 L measures distorsion
®

2
? [Cxlix = [CY]jl‘ 5
4+ Goal : preserving pairwise i |
Quadratic OT: find the plan .- . 3 g
connectivity i 4 h |
min Z L ( Cyl. , [Cy]; ) T. T,, ¥ Non-convex quadratic :
Tell(a.b) [ X]zk [ Y ]]l ij* ki q s
™ ijkl problem (NP-hard) 1 € P(R?)
4+ Semi relaxed Gromov-Wasserstein + Clustering of nodes
GW(C, h,15,h)=0.235 GW(C, h,14,h)=0.274 srGW(C, h, 15) =0.087 srGW(C, h, 1) = 0.087
(ami=0.66) (ami=0.54)

(ami=1.0) (ami=1.0)




DR as OT in disguise

4 Dimension reduction

min L(C iy [C i-)
ZeR"™ i]Z=:1 [Cxlyj o 12Dy



DR as OT in disguise

4 Dimension reduction

n

min L(C iy [C i-)

Permutation equivariance

n
min min L([C]--,[C] . )
ZGRnXd O'ESn ljzzl X ) Z O'(l)G(])

equiv



DR as OT in disguise

4 Dimension reduction

min i L ([CX]ij ) [CZ]i]')
1

ZeRd

I,j=
Permutation equivariance

equiv

min min Z L <[CX]U s [CZ]O'(i)G(j))

ZeR™4 58§
OO =1

equiv

n

min min Z L ([CX]ik, [CZ]J-,> PPy

7c Rnxd P

).k, I1=1 Gromov-Monge

d<p

- .
.




DR as OT in disguise

4 Dimension reduction

min 2 L ([CX]U , [CZ]1]>
i,j=1

= RnXd

Permutation equivariance

min min Z L <[CX]U ’ [CZ]O'(i)G(j))

ZeR™ €8,

equiv

i j=1
equiv
n
min min Z L ([CX]ik, [CZ]J-,) PPy
ZeR™d p
).k, =1 Gromov-Monge

{-
4 Gromov-Wasserstein projection

min mm L<CZ,C)T
min, _mir 2, LG [CDy) TyTy

non ) ijkl Gromov-Wasserstein




DR as OT in disguise

4 Dimension reduction

min i L ([CX]ij ; [Cz]l-]-)

ZeR™4 il 4+ Equivalence holds for
1 Permutation equivariance Spectral methods
equiv _ T
VP, CPZ — PCZP Cy any matrix, L = | - |2, C, = ZZ7

min min Z L <[CX]U ’ [CZ]O'(i)G(j))

ZeR™ €8,

i j=1
equiv
n
min min 2 L ([CX]ik, [CZ]J-,) PPy
ZeR™d p
).k, =1 Gromov-Monge

{-
4 Gromov-Wasserstein projection
min  min_ Y L <[CX]ik , [CZ]].,) T,T,

ZeR™d peryle lny 4=
) ijkl Gromov-Wasserstein



DR as OT in disguise

4 Dimension reduction

. C
min YL (1Culy - 1C15) | z
ZeR™4 il 4+ Equivalence holds for
1 Permutation equivariance Spectral methods
equiv _ T
VP, CPZ — PCZP Cy any matrix, L = | - |2, C, = ZZ7
min IIliIl Z L <[CX]1] 0 [CZ]O'(l)G(])) AisCPD: Vx s.t. le — O, XTAX > 0
ZeR™ geS =~ =
i,j=1
equiv
n
min min 2 L ([CX]ik , [CZ]J-,) PPy
ZeR™4 p
).k, =1 Gromov-Monge

{-
4 Gromov-Wasserstein projection

min mm L<C1,C)T
jmin, min D, L{[Ccl - 1C ) Tii

non ) ijkl Gromov-Wasserstein



DR as OT in disguise

4 Dimension reduction

e,

n
. C
min Z L ([CX]U 9 [CZ]1]> . 8
ZeR™4 il 4+ Equivalence holds for
1 Permutation equivariance Spectral methods
equiv . T
VP,Cpy = PCyP Cy any matrix, L = |- | C, = ZZ"
n
min min Z L ([CX]U : [CZ]O'(i)G( j)) AisCPD: Vxs.t. x'1=0,x"Ax>0
ZeR™ geS =~ = : :
i,j=1 Neighbor embedding methods
equiv i * CX iS CPD, L =KL
n C, = diag(a,) K, diag(p,)
Zm[R?}(d In}}n Z L ([Cx] ik [Cz] jl) P ijP kl where log(K,) is CPD
eR" .
).k, =1 Gromov-Monge

{-
4 Gromov-Wasserstein projection
min  min_ Y L <[CX]ik , [CZ]].,) T,T,

ZeR™ rerple lny 4 :
570) ijkl Gromov-Wasserstein



DR as OT in disguise

4 Dimension reduction

: C
min Z L ([CX]U | [CZ]U> | z
ZeR™4 il 4+ Equivalence holds for
Permutation equivariance Spectral methods
equiv . T
VP, C'PZ _ PCZP Cx any matrix, L = | - B C,=2727Z"
min min Z L ([CX]U- : [CZ]G(i)a(j)) AisCPD: Vxsit. x'1=0,x"Ax >0
ZeR™ geS =~ = : :
i,j=1 Neighbor embedding methods
equiv CX iS CPD, L =KL
n C; = diag(ay) K, diag(f,)
Zm[lill ] In}}n 2 L ([Cx] ik » LC/] jl) P ijP ki where log(K,) is CPD
E n
., .7k7l=1 -
L,J Gromov-Monge | e.g. K, =exp(—|z, -z, ”2)
i ? and its usual normahzatlons
: C K,,=1,K,1,=1,, K;1,=1
4 Gromov-Wasserstein projection Inkzly =1 Kzl =1, +K21” 1"
Zin = In
min mln Z L <[CX]lk : [CZ]]Z) Tkl (Sinkhorn & Knopp, 1967)

ZeR™ tery(ln Beware that Cy is not always CPD.

non ) ijkl Gromov-Wasserstein



Distributional reduction

Input X Embedding Z
Cz(Z) (Lorentz)
...-
...I
Cx(X)(SEA) [ =
. ! I
il
1
i
1 \

Coupling T



Distributional Reduction
X € R™P

I .
e




Distributional Reduction

I .
e

X € R™P

k<n
d<p

.
e,
o
o




Distributional Reduction

Z & R”Xd

~ min  GW,(4,,v
a’:‘:‘. CZ
X e R™P —
en
....... d<p | @
...... # :-“
®. .

CXERnn CZERX
*GW ]'Ction

k
min GW( v N )
DE@k(Rd) (/’tn )




Distributional Reduction

7 Rnxd
A/  min GW, (i, v)
wn Oy Y 721215%
4+ Optimization problem
X e R™ 7 e Rkxd
k<n S : : 1n
J < | LI min min GW,(Cy, C,,—, b)
........... _}p " ZeRMd pex, n
®
+ Find few prototypes in low dim.
Cy € R C, RME 4 Find the weights/ cluster size
4+ GW projection L
min GW(g ,v) V= 2 b6,
J

vE@k(Rd)




Distributional Reduction

7 Rnxd
el A/  min GW, (i, v)
o n
.a'- CZ V=0 Zl=l 5Zl
T € [0,1]> 4 Optimization problem
XeR™ __— 7 € Rk*xd
k<<n T = : : 1n
J < | SO min min GW,(Cy, C,,—, b)
P @ ZeR™4 pex, n
° — ' ..............
Find few prototypes in low dim.
CX e R™" CZ e Rk Find the weights/ cluster size
4+ GW projection ) Clustering via the coupling T
. R (soft-assignment)
min GW(/’tnﬁ v ) V= Z b j5zj Sufficient conditions for hard

vE@k(Rd)

J=1 assignment (see paper)




Distributional Reduction

7 e Rnxd
....... ~ min GW; (4 ,v)
o 1 n
N T € [0,1]7% 4 Optimization problem
XeRYP __—= : 7 e Rkxd |
k<<n T : :
d < P, min min GW;(Cy, (7, —, b)
_}p " ZeR™ pex, n
P00 ' ----------------- . . .
+ Find few prototypes in low dim.

Cy € R C, RME 4 Find the weights/ cluster size

+ GW projection 4 Clustering via the coupling T

: n £ (soft-assignment)
er{;l(ﬁ]l%d) GW(# no Y ) v= Z b j5zj 4 Sufficient conditions for hard
U J=1 assignment (see paper)

4+ A semi-relaxed objective min min Z L ([Cx]ik ; [CZ]jl> T;jTy; — easier than GW

d
(Vincent-Cuaz et al., 2022) ZeR™ r'Tl,=-"+ ijki



Distributional Reduction

rag—
wn Oy V= it O
T € [0,1]> 4 Optimization problem
XeRY__— ~_ i
k< : :
J < . min min GW,(Cy, C,,—, b)
_}p " ZeR™ pex, n
Y ' --------------- . . .
Find few prototypes in low dim.
C, € R™" C, € Rk Find the weights/ cluster size
X Z &
4+ GW projection ) Clustering via the coupling T
. R (soft-assignment)
er;l(Iul% ) GW(/’tnﬁ V) V= Z b j5zj Sufficient conditions for hard
Y= j=1 assignment (see paper)
4+ A semi-relaxed objective min min Z L ([Cx]ik ; [CZ]jl> T;jTy; — easier than GW
(Vincent-Cuaz et al., 2022) ZeR™ T'Tl =" ijkl
Non-convex problem Optim in T: CG solver in O(n?k) for L € {KL, | - |}

BCD: alternates optim in Z, in T 4 With low-rank structures O(nkr + n?)



Distributional Reduction

Input X Embedding Z
C(Z) (Gaussian)

[
® O
oe Cx(X) (SEA)
e 20 50 Lt .
o
S o* ... o O
g0 .. [
: L "
Coupling T— ' ' ' '
Input X Embedding Z

Cz(Z) (Lorentz)

Y e 5h#ﬁﬁ5
& % Cx(X) (SEA)

. 8 Y E Fjfe %
¢ A % I' ,,,,,,,,
° St [ I.' <
J

Coupling T



Baran et al. Genome Biology (2019) 20:206

M O tiV ati On https://doi.org/10.1186/s13059-019-1812-2 Genome B|O|Ogy

4+ Single-cell RNA-seq

MetaCell: analysis of single-cell RNA-seq ' ")

Technical noise due to ) -~
data using K-nn graph partitions

partial sampling of RNA
Lo Yael Baran', Akhiad Bercovich', Arnau Sebe-Pedros’, Yaniv Lubling', Amir Giladi?, Elad Chomsky', Zohar Meir,
mOleCU,leS Wlthln Cells . Michael Hoichman', Aviezer Lifshitz' and Amos Tanay'

Problem : impossible to resample a cell

integration of data from different cells

need to separate the sampling effect from biological variance

could have been resampled from the same cell

o C9\ 4+ We would like to

o> choose the granularity
& 9 of the output data

Metacell



Distributional Reduction

ll’l
4+ Single-cell dataset chenetal. 2019 Only solve anzn GW (Cy, Cy,—, b)
ex, n




Distributional Reduction

, 1
4+ Single-cell dataset crenetal 2019 Only solve min GW,(Cy, C,,—,D) with Cy = XXT
S n

SNA 1: PCA and
0] arda o C,=27"
- “? fixed on a grid
y=3 3e 7 RkXZ

A z7,eR?

g

>




Distributional Reduction

, 1
4+ Single-cell dataset crenetal 2019 Only solve min GW,(Cy, C,,—,D) with Cy = XXT
S n

SNA 1: PCA srGW on grid 32*32 srGW on grid 64*64 srGW on grid 96*96 and
=0] "o baca C,=27"
- d% ' - fixed on a grid
y=3 Y 7 € Rk*<2
’ A z7,eR?
f | v
pixel K
>

dataset as an image



Distributional Reduction

, 1
4+ Single-cell dataset chenetal 2019 Only solve min GW;(Cy, C,,—,b) with Cy = XX"
n

SNA 1: PCA

srGW on grid 32*32

beZ,

srGW on grid 64*64

<K K K K
1 | I |
W N = O

pixel

o

4 Image datasets

dataset as an image

Cy symmetric entropic aff. (van Assel etal, 2023 C, Student t-kernel

R2 MNIST

RZ

L,

~3J

/
Il_| (%)

allw

T
<

(%]

[a]

6

Fashion-MNIST

COIL

—i

ll

=)

v

medoid for
each cluster

IR
Ty

srGW on grid 96*96

and

C,=277'"
fixed on a grid
7 RkXZ

z, € R?

Vi

>

area X bk

Hyperbolic geometry
PBMC




Distributional Reduction
4 Comparison with DR then clustering or clustering then DR

(, dre/ (, )ge SEA / Student (, Yo/ (, )ge SEA / Student
T 1.0 * * **m++.. @ | 1.0 ﬂ*@oo woo‘vo wm**g T 10{fge @ Ao A /m 00“‘ a * 10{ ¥ m 0‘* @0 ®o ¢
° o
A o - am = )
%\0.8- . A“" 081 aa Bg X . %\0.8- V 4= 0.8 K . Ve v
(2
c a ] c ] ] 0 o @ oo
go.e ® v VA ! 0.6 L, o AVA YXV EE %0.6 S v W Wy v w 0.64 ¢ s A 0
& vae * Yo
gm- v : A = 044 me o &® oA A A 80.4-@) * * 0.4 1 a .A !‘ .A v -
(o] v & ¢+ V A o ° v
< * g o AA ) 4 v, < . ¥ v. vA D"El A E
= 0.2 0.2 \V4 - 0.2 0.2
& ¢ © Yo * 0 e o (@) °
= A ° ¢ 9 ¢ - BT (5)
o * * * % ) (@) " -
c 007 [ “‘xo s v x8n s | 00 BlorffEma + = wr §P%m ¢ we = Co.o-A‘Q‘t% @ 8 J S B | 00 BAwEOwuiff wn w@P + 0w gb o
0.0 02 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0
norm. silhouette — norm. silhouette — norm. k-means NM| — norm. k-means NM| —
COIL MNIST Fashion-MNIST PBMC SNAREseq1
304
O 30 -
+—
45 - 20' 40_ 40'
3 201 — C—DR
é w0l DR—C 101 20 - 207
e ' —— DistR (ours) / 0
04! : : : . 0 . . . . . . . . 0_. . . . . . . . . .
50 100 150 200 0 50 100 150 200 0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
= 85 1 651 %81
56 80 1 J
. . 60 - 80
w2 54 4
% ™7 60
55 1 1
<b] i 59
E, 75 70 -
= 50 1 50 A 40 -
5IO 1(I)0 150 2(I)0 0 5IO 1(I)0 1:’)0 260 (I) 5I0 1(I)O 1%)0 2(I)0 (I] 5I0 1(I]O 150 2(I]O
100 A 100 1 100 A 100 1 100 1
Z -
= 95 4 95
= 951 7 90 -
g;o 90 90
90 1
= 909 85 - 85 1
mO 80 1
85 1 i i
85 80 80
50 100 150 200 0 50 100 150 200 0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

Number of prototypes Number of prototypes Number of prototypes Number of prototypes Number of prototypes



Thank you!

Open-source implementations are available here:

‘ DR library in pytorch

\5\ TO rC h D R : Il\;wop;ljzrents oopular DR algos

® Efficiency (GPU, KeOps)

‘ Python Optimal Transport
® OT LP solver, Sinkhorn

® Barycenters

xxIHI
xu:H

oe
o e
Q@
o e
® Gromov, graphs OT... ° =0 ‘
‘Url: https://github.com/PythonOT/POT
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