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Dimension Reduction

(Shekhar et al., 2016)



✦ Preserving geometric properties<latexit sha1_base64="sO1FnFQuvZDqpAHqe58ieH0IwMw="></latexit>

p (large)
<latexit sha1_base64="lLFkqzxl2awA2GKMF5VW2gC4/kw="></latexit>

d (small)

<latexit sha1_base64="OmDC+tZn61VF1R/exvXHTe06DzE="></latexit>

Dataset X
<latexit sha1_base64="+3DfXrbv+Ieo56G/+ghfds9YY4w="></latexit>

Embedding Z

Dimension reduction

X ∈ ℝn×p Z ∈ ℝn×d

d ≪ p
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Dataset X
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Affinity

COIL Dataset [Nene et al., 1996]Images

Cells

✦ Preserving geometric structure<latexit sha1_base64="sO1FnFQuvZDqpAHqe58ieH0IwMw="></latexit>
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Dataset X
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Embedding Z

✦ Affinity Matrices

Dimension reduction

X ∈ ℝn×p Z ∈ ℝn×d
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Coe�cient (i, j) = similarity between xi and xj .
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Symmetric matrix with non-negative coe�cients.

x⊤
1

x⊤
n

x⊤
2

d ≪ p



✦ A general optimization problem

Dimension reduction X ∈ ℝn×p Z ∈ ℝn×d

CX CZ

min
Z∈ℝn×d

n

∑
i,j=1

L ([CX]ij , [CZ]ij) L : ℝ × ℝ → ℝfor some loss

d ≪ p



✦ A general optimization problem

Dimension reduction X ∈ ℝn×p Z ∈ ℝn×d

CX CZ

min
Z∈ℝn×d

n

∑
i,j=1

L ([CX]ij , [CZ]ij) L : ℝ × ℝ → ℝfor some loss

✦ Principal components analysis

min
H:dim(H)=d

1
n

n

∑
i=1

∥xi − PH(xi)∥2
2

Minimizing the reconstruction error

(Pearson, 1901)

d ≪ p



✦ A general optimization problem

Dimension reduction X ∈ ℝn×p Z ∈ ℝn×d

CX CZ

min
Z∈ℝn×d

n

∑
i,j=1

L ([CX]ij , [CZ]ij) L : ℝ × ℝ → ℝfor some loss

✦ Principal components analysis

(Pearson, 1901)

min
Z∈ℝn×d

n

∑
i=1

(⟨xi, xj⟩ − ⟨zi, zj⟩)
2

Preserving the inner products

(Torgerson, 1958)

Z ← EVD( 1
n

XX⊤)

d ≪ p



Dimension reduction
✦ Spectral methods

min
Z∈ℝn×d

n

∑
i=1

([CX]ij − ⟨zi, zj⟩)
2



Dimension reduction
✦ Spectral methods

min
Z∈ℝn×d

n

∑
i=1

([CX]ij − ⟨zi, zj⟩)
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viwith eigenvector

solution
(Eckart & Young, 1936)

CX ⪰ 0

[CX]ij = ⟨ϕ(Xi), ϕ(Xj)⟩ℋ
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Dimension reduction
✦ Spectral methods

min
Z∈ℝn×d

n

∑
i=1

([CX]ij − ⟨zi, zj⟩)
2

CX ⪰ 0

Z⋆ = ( λ1v1, ⋯, λdvd)⊤

λi i-th largest eigenvalue of CX
viwith eigenvector

✦ Kernel PCA

solution
(Eckart & Young, 1936)

(Schölkopf, 1997)

PCA: CX = XX⊤

(classical) Multidimensional scaling: CX = − 1
2 HDXH

Laplacian Eigenmap (spectral embedding):
(Belkin & Niyogi, 2003)

CX = L†
X

Locally Linear Embedding, Diffusion Map … 
(Roweis & Saul, 2000) (Coifman & Lafon, 2006)

PCA
Spectral  

embedding

LLE

(Z ← SVD(X))

CX ⪰ 0

[CX]ij = ⟨ϕ(Xi), ϕ(Xj)⟩ℋ



Dimension reduction

✦ Neighbor embedding methods

X ∈ ℝn×p Z ∈ ℝn×d

CX CZ

min
Z∈ℝn×d

n

∑
i,j=1

KL ([CX]ij , [CZ]ij)≈

d ≪ p
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Dimension reduction
✦ SNE (Hinton & Roweis, 2002)

[CZ]ij =
exp( −∥zi − zj∥2

2)
∑k exp( −∥zi − zk∥2

2)
( = ℙ( j | i))

Embedding space

CX CZ



Dimension reduction
✦ SNE (Hinton & Roweis, 2002)

[CZ]ij =
exp( −∥zi − zj∥2

2)
∑k exp( −∥zi − zk∥2

2)
( = ℙ( j | i))

Embedding space

[CX]ij =
exp( −∥xi − xj∥2

2/2σ2
i )

∑k exp( −∥xi − xk∥2
2/2σ2

i )

Input space

CX CZ
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Dimension reduction

∀i, entropy( [CX]i,: ) = log(perplexity)
✦ Perplexity = effective number of neighbors

✦ SNE (Hinton & Roweis, 2002)

[CZ]ij =
exp( −∥zi − zj∥2

2)
∑k exp( −∥zi − zk∥2

2)
( = ℙ( j | i))

Embedding space

[CX]ij =
exp( −∥xi − xj∥2

2/2σ2
i )

∑k exp( −∥xi − xk∥2
2/2σ2

i )

Input space

✦ Local bandwidths optimized s.t.

✦Account for varying density

CX CZ

Constant bandwidth Adaptive bandwidth

✦ Crowding effect: Student t-distribution 
instead of Gaussian in Z

✦ (t)-SNE (Van der Maaten & Hinton, 2008)
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Gibbs kernel Doubly-Sto Entropic Entropic (  Sym)ℓ2 Sym-Entropic 
<latexit sha1_base64="3+wCGCspw7owEcrZURqvQ5MZAkg="></latexit>

Pe = ProjKL
H⇠

(K)
<latexit sha1_base64="D71KWWMwD2LLzRpz5N9K3v9Qqqo="></latexit>

Pse = ProjKL
H⇠\S

(K)
<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)
<latexit sha1_base64="zFTBTROf5CASUc6bhgggP2tuX3U="></latexit>

Pds = ProjKL
DS(K)

<latexit sha1_base64="WRqwzhLcouXnLKNdJRYYWBeu/Gc="></latexit>

K = exp(�C/�)
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t-SNE fails at controlling the entropy when symmetrizing 

t-SNE
Dimension reduction (Van Assel et al., 2023)

SNE
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Gibbs kernel Doubly-Sto Entropic Entropic (  Sym)ℓ2 Sym-Entropic 
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Controls  norm, entropy and symmetry at the same time. ℓ1

t-SNE
Dimension reduction (Van Assel et al., 2023)

SNE
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<latexit sha1_base64="R6XwixBcqdp63Oe+5mIMTGtsBCg="></latexit>

(xi)iœ[[n]] ; xi œ RdData: A probability distribution describing the data

<latexit sha1_base64="uJ/MAh8OotJBSjhzfzsDaTktDVE="></latexit>

”xi(x) = 1 if x = xi else 0
(point clouds)

<latexit sha1_base64="gHdys4jRdciddWekzc/tZP+TBpM="></latexit>

ai � 0,
Pn

i=1 ai = 1

<latexit sha1_base64="pJXzTpnUYtmpqowUmUFND+0t5ss="></latexit>

a = (ai)iœ[[n]] œ �n

1
3

2
9

Probability simplex

(histograms)

<latexit sha1_base64="RdmRzzaY7o1wdwCPuEMUAbN6gqY="></latexit>

Eulerian:
qN

i=1 ai”x̂i

<latexit sha1_base64="yzMpTcGvxubvPeLTKm+wLX0n5sQ="></latexit>

x̂i fixed position (grid)

<latexit sha1_base64="4W7osK7KEEnnq86hH3xPsNd7boQ="></latexit>

Lagrangian:
qn

i=1 ai”xi

<latexit sha1_base64="Q7Xgj8M8vJF0+z50rFBBULb61jA="></latexit>

ai = 1
n

23

Framing DR in terms of distributions
Measure and probability distributions are at the core 

of Machine learning.



Measure and probability distributions are at the core 
of Machine learning.

Framing DR in terms of distributions



From linear Optimal Transport 
to Gromov-Wasserstein

μ ν
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Two probability distributions A cost function

We want to find the plan that minimizes the overall cost of moving all the points.

by a transport plan is transported to 


Kantorovitch Formulation

From Wasserstein to Gromov-Wasserstein
✦ Classical optimal transport (in a nutshell)

c(x, y) : 4 × 5 → ℝμ ∈ 6(4)
ν ∈ 6(5)

μ ∈ 6(4) ν ∈ 6(5) T ∈ 6(4 × 5)

inf
T∈Π(μ,ν) ∫ c(x, y)dT(x, y)



From Wasserstein to Gromov-Wasserstein
✦ Classical optimal transport (in a nutshell)

μ =
n

∑
i=1

aiδxi

ν =
k

∑
j=1

bjδyj

d(xi, yj)

≈n ≠ k
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From Wasserstein to Gromov-Wasserstein
✦ Classical optimal transport (in a nutshell)

μ =
n

∑
i=1

aiδxi

ν =
k

∑
j=1

bjδyj

d(xi, yj) min
T ∑

ij
c(xi, yj)Tij

Find plan T ∈ ℝn×k
+≈n ≠ k
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From Wasserstein to Gromov-Wasserstein
✦ Classical optimal transport (in a nutshell)

μ =
n

∑
i=1

aiδxi

ν =
k

∑
j=1

bjδyj

d(xi, yj) min
T ∑

ij
c(xi, yj)Tij

Find plan

T ∈ [0,1]n×k

which constraints ?

T ∈ ℝn×k
+

T⊤1n = a
T1k = bCoupling

Π(a, b)≈n ≠ k

Bakeries = quantity of breads
loc: <latexit sha1_base64="re8+7GVEZgzVvXrbvZ0GT8mGMEo="></latexit>aiquantity:

Cafés = demand of breads
loc:

<latexit sha1_base64="ZP3y0dVG5bNMNUJ3HR2nuV0kbDw="></latexit>

bjdemand:

Distance between bakeries 
and cafés

We want to route all the breads from bakeries to cafés the 
cheapest way

c(xi, yj)

xi

yj
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Find plan

T ∈ [0,1]n×k

which constraints ?

T ∈ ℝn×k
+

T⊤1n = a
T1k = bCoupling

Semi-relaxed coupling

T⊤1n = a
∼

min
b

min
T∈Π(a,b) ∑

ij
c(xi, yj)Tij

assign in k-means

Π(a, b)

∼

≈n ≠ k

Cafés = demand of breads
loc:

<latexit sha1_base64="ZP3y0dVG5bNMNUJ3HR2nuV0kbDw="></latexit>

bjdemand:

Distance between bakeries 
and cafés

We want to route all the breads from bakeries to cafés the 
cheapest way

c(xi, yj)

yj

Bakeries = quantity of breads
loc: <latexit sha1_base64="re8+7GVEZgzVvXrbvZ0GT8mGMEo="></latexit>aiquantity:xi
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From Wasserstein to Gromov-Wasserstein
✦ Classical optimal transport (in a nutshell)

μ =
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∑
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aiδxi
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k

∑
j=1
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d(xi, yj) min
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∼

min
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min
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c(xi, yj)Tij

assign in k-means

Π(a, b)

∼

✦ Gromov-Wasserstein

<latexit sha1_base64="d5oWNyBr5KGlkwFZLZF2LGfj1J4="></latexit>⌫
<latexit sha1_base64="i26OFjaFdUM8pjYGE/3LND8NFDM="></latexit>µ

[CX]ik [CY]jl

(Mémoli, 2011)(Sturm, 2012)

≈n ≠ k

≈n ≠ k
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∼
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<latexit sha1_base64="d5oWNyBr5KGlkwFZLZF2LGfj1J4="></latexit>⌫
<latexit sha1_base64="i26OFjaFdUM8pjYGE/3LND8NFDM="></latexit>µ

[CX]ik [CY]jl

min
T∈Π(a,b) ∑

ijkl
L ([CX]ik , [CY]jl) TijTkl

Quadratic OT: find the plan

T

(Mémoli, 2011)(Sturm, 2012)

✦ Goal : preserving pairwise 
connectivity

✦ Distance w.r.t. isomorphisms
✦ Difficult quadratic problem (NP-hard)

✦     measures distorsionL
[CX]ik − [CY]jl

2

≈n ≠ k

≈n ≠ k
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From Wasserstein to Gromov-Wasserstein
✦ Gromov-Wasserstein

<latexit sha1_base64="d5oWNyBr5KGlkwFZLZF2LGfj1J4="></latexit>⌫
<latexit sha1_base64="i26OFjaFdUM8pjYGE/3LND8NFDM="></latexit>µ

[CX]ik [CY]jl

min
T∈Π(a,b) ∑

ijkl
L ([CX]ik , [CY]jl) TijTkl

Quadratic OT: find the plan

(Mémoli, 2011)(Sturm, 2012)

✦ Goal : preserving pairwise 
connectivity

✦ Distance w.r.t. 
isomorphisms, on the space 
of metric measure spaces  

✦ Non-convex quadratic 
problem (NP-hard)

✦     measures distorsionL
[CX]ik − [CY]jl

2

≈n ≠ k

<latexit sha1_base64="iDREdgEXSJxjbGKhtRbxSnqs+nY="></latexit>

X = (X , cX , µ 2 P(X ))

<latexit sha1_base64="zuQluraW4R3ctv0aGboc1p6sL2g="></latexit>

Y = (Y, cY , ⌫ 2 P(Y))

<latexit sha1_base64="h3A6Dn0PYfRf2hdE4NAyQTJRRiI="></latexit>

9� : X ! Y

<latexit sha1_base64="PkWgb3rvum6AHPBxVM65jhbnxco="></latexit>

cX (x, x0) = cY(�(x),�(x
0))

<latexit sha1_base64="kNsywhacEOEs4eczHQgEvG+FppY="></latexit>

�#µ = ⌫

Isometry

Measure preserving

<latexit sha1_base64="p4m96sURmiN2H/EL3v92Jj39Rkw="></latexit>

GW (X,Y) = 0 i↵



T

≈

From Wasserstein to Gromov-Wasserstein
✦ Gromov-Wasserstein

<latexit sha1_base64="d5oWNyBr5KGlkwFZLZF2LGfj1J4="></latexit>⌫
<latexit sha1_base64="i26OFjaFdUM8pjYGE/3LND8NFDM="></latexit>µ

[CX]ik [CY]jl

min
T∈Π(a,b) ∑

ijkl
L ([CX]ik , [CY]jl) TijTkl

Quadratic OT: find the plan

(Mémoli, 2011)(Sturm, 2012)

✦ Goal : preserving pairwise 
connectivity

✦ Non-convex quadratic 
problem (NP-hard)

✦     measures distorsionL
[CX]ik − [CY]jl

2

≈n ≠ k

✦ Semi relaxed Gromov-Wasserstein

min
T ∑

ijkl
L ([CX]ik , [CY]jl) TijTkl

T⊤1n = a

(Vincent-Cuaz, 2022)
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KZ = exp( −∥zi − zj∥2
2)e.g.

and its usual normalizations
1⊤

n KZ1n = 1 KZ1n = 1n

KZ1n = 1n

K⊤
Z 1n = 1n

(Sinkhorn & Knopp, 1967)

+
, ,

Beware that        is not always CPD.CX

A is CPD : ∀x s.t.  x⊤1 = 0, x⊤Ax ≥ 0

Gromov-Monge

Gromov-Wasserstein



Distributional reduction

Input X Embedding Z

Input X Embedding Z
Coupling T

CX(X) (SEA)

CZ(Z) (Gaussian)

Coupling T

CX(X) (SEA)

CZ(Z) (Lorentz)



X ∈ ℝn×p Z ∈ ℝn×d
Distributional Reduction

CX CZ

d ≪ p min
ν= 1

n ∑n
i=1 δzi

GWL( ̂μn, ν)∼
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∑
i=1

δxi
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✦ Find few prototypes in low dim.
✦ Find the weights/cluster size
✦ Clustering via the coupling T 
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✦ GW projection

✦ Sufficient conditions for hard 
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✦ Optimization problemT ∈ [0,1]n×k

✦ Find few prototypes in low dim.
✦ Find the weights/cluster size
✦ Clustering via the coupling T 

(soft-assignment)

✦ A semi-relaxed objective

✦ Sufficient conditions for hard 
assignment (see paper)

min
Z∈ℝn×d

min
T:T1k=

1n
n

∑
ijkl

L ([CX]ik , [CZ]jl) TijTkl
(Vincent-Cuaz et al., 2022)

easier than GW

✦ GW projection
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✦ Find few prototypes in low dim.
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✦ Clustering via the coupling T 

(soft-assignment)

✦ A semi-relaxed objective

✦ Sufficient conditions for hard 
assignment (see paper)

min
Z∈ℝn×d

min
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∑
ijkl

L ([CX]ik , [CZ]jl) TijTkl
(Vincent-Cuaz et al., 2022)

✦ Non-convex problem
✦ BCD: alternates optim in Z, in T

✦ Optim in T: CG solver in              forO(n2k)

easier than GW

L ∈ {KL, | ⋅ |2 }
✦ With low-rank structures O(nkr + n2)

✦ GW projection

ν =
k

∑
j=1

bjδzj

̂μn =
n

∑
i=1

δxi

min
ν= 1

n ∑n
i=1 δzi
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min
ν∈6k(ℝd)

GW( ̂μn, ν)
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Motivation

need to separate the sampling effect from biological variance

Problem : impossible to resample a cell

integration of data from different cells

Technical noise due to 
partial sampling of RNA 
molecules within cells.

✦ Single-cell RNA-seq

could have been resampled from the same cell

Metacell

✦ We would like to 
choose the granularity 

of the output data 



Distributional Reduction
✦ Single-cell dataset (Chen et al., 2019) min

b∈Σk

GWL(CX, CZ, 1n

n
, b)Only solve 
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dataset as an image



Distributional Reduction

MNIST Fashion-MNIST COIL PBMCℝ2
Hyperbolic geometry

CX (Van Assel et al., 2023) CZ

medoïd for  
each cluster area ∝ bk

ℝ2ℝ2

✦ Single-cell dataset

✦ Image datasets

(Chen et al., 2019) CX = XX⊤

symmetric entropic aff.

CZ = ZZ⊤

Z ∈ ℝk×2

with

fixed on a grid 

min
b∈Σk

GWL(CX, CZ, 1n

n
, b)Only solve 

and

zi ∈ ℝ2

k

pixel
dataset as an image

Student t-kernel



Distributional Reduction
✦ Comparison with DR then clustering or clustering then DR
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https://github.com/PythonOT/POTUrl:

Python Optimal Transport
OT LP solver, Sinkhorn•

<latexit sha1_base64="K4/Sw2IIiTNPnNDePJ6JxYmy1MA="></latexit>

Barycenters•

<latexit sha1_base64="K4/Sw2IIiTNPnNDePJ6JxYmy1MA="></latexit>

Gromov, graphs OT…•

<latexit sha1_base64="K4/Sw2IIiTNPnNDePJ6JxYmy1MA="></latexit>

65

Thank you!

DR library in pytorch
Implements popular DR algos•

<latexit sha1_base64="K4/Sw2IIiTNPnNDePJ6JxYmy1MA="></latexit>

Modular•

<latexit sha1_base64="K4/Sw2IIiTNPnNDePJ6JxYmy1MA="></latexit>

Efficiency (GPU, KeOps)•

<latexit sha1_base64="K4/Sw2IIiTNPnNDePJ6JxYmy1MA="></latexit>

Open-source implementations are available here:


