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Gibbs kernel : K = exp(�C/�).
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p (large)
<latexit sha1_base64="lLFkqzxl2awA2GKMF5VW2gC4/kw="></latexit>

d (small)

<latexit sha1_base64="OmDC+tZn61VF1R/exvXHTe06DzE="></latexit>

Dataset X
<latexit sha1_base64="+3DfXrbv+Ieo56G/+ghfds9YY4w="></latexit>

Embedding Z

Dimension 
reduction methods 
rely on symmetric 
affinity matrices.

SNEkhorn : Dimension Reduction with Symmetric Entropic Affinities
Hugues Van Assel, Titouan Vayer, Rémi Flamary, Nicolas Courty
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Robustness to Noise (1/2)

**  is average perplexity —> same global entropy as with .ξ ξ = ξ

Gibbs kernel Doubly-Sto Entropic Entropic (  Sym)ℓ2 Sym-Entropic 
<latexit sha1_base64="3+wCGCspw7owEcrZURqvQ5MZAkg="></latexit>

Pe = ProjKL
H⇠

(K)
<latexit sha1_base64="D71KWWMwD2LLzRpz5N9K3v9Qqqo="></latexit>

Pse = ProjKL
H⇠\S

(K)
<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)
<latexit sha1_base64="zFTBTROf5CASUc6bhgggP2tuX3U="></latexit>

Pds = ProjKL
DS(K)

<latexit sha1_base64="WRqwzhLcouXnLKNdJRYYWBeu/Gc="></latexit>

K = exp(�C/�)
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* On 5 classes of the COIL Dataset [Nene et al., 1996]

**

Doubly Stochastic Affinity

<latexit sha1_base64="1njvapLtgwZl5uibD67CbLY9ZR4="></latexit>

Pds solves the optimal transport problem:
<latexit sha1_base64="F2AmBpYpIT6Z8b8uHScjsZPXF6w="></latexit>

min
P2Rn⇥n

+

hP,Ci � �
X

i

H(Pi:) s.t. P 2 DS .

<latexit sha1_base64="Wh1BUOkRDuPkO5CbII6p02HAzWg="></latexit>

K � diag(K1)�1K
<latexit sha1_base64="VE6wPXGSAVmU8cRjYGW4uNNaQg0="></latexit>

K � K diag(1K)�1

<latexit sha1_base64="HY1S9B3VZObJUrzr4cbcBgKe2IU="></latexit>

While not converged:
<latexit sha1_base64="Xn3C6T2aOFCuCMpKBNMhKwszNOc="></latexit>

# normalize rows
<latexit sha1_base64="1Mqg/X/1UU4Vwqe6s0i5S1sqo9Y="></latexit>

# normalize columns

<latexit sha1_base64="C6XwFo3kQws/T5NZERelksWjfvc="></latexit>

DS = {P s.t. P1 = P>1 = 1} .

<latexit sha1_base64="q7t3U2jrxMELjlsKThbMAyf4MAw="></latexit>

init

converges 

Sinkhorn Algorithm

<latexit sha1_base64="AuOpsciwFhPYC6CLfA8ir8gmago="></latexit>

H(p) = �hp, log p� 1i is the Shannon entropy.

[Van der Maaten and Hinton, 2008]

<latexit sha1_base64="Q67SYH0uKXOANhqWhxTvoOPMFvU="></latexit>

Pe is not symmetric so Pe = 1
2 (P

e +Pe>) is used in practice.

<latexit sha1_base64="Q67SYH0uKXOANhqWhxTvoOPMFvU="></latexit>

Pe is not symmetric so Pe = 1
2 (P

e +Pe>) is used in practice.<latexit sha1_base64="H7xOEUZW4LOrSvRPxhiglALPsHc="></latexit>.
<latexit sha1_base64="KG1QRN3paJnRPIMVgLiy4Qk9VXE="></latexit>

Pe = Proj`2S (Pe)

t-SNE algorithm

Entropic Affinity

<latexit sha1_base64="pQoUS0YnpDos8+EVPweF6OQYCGc="></latexit>

8i, 8j, P e
ij =

exp (�Cij/"?i )P
` exp (�Ci`/"?i )

with "?i 2 R⇤
+ s.t. H(Pe

i:) = log ⇠ + 1 .

Definition

<latexit sha1_base64="J29Np2Cf0/UInORXlfvrGIQvavM="></latexit>

⇠ 2 [[1, n]] is the perplexity parameter.

[Hinton, Roweis 2002]

Definition

Symmetric Entropic Affinity
<latexit sha1_base64="GYzaWIfSd93zWKqq31jZ/qTBf9g="></latexit>

H⇠ := {P 2 Rn⇥n
+ s.t.P1 = 1 and 8i, H(Pi:) � log ⇠ + 1}

<latexit sha1_base64="bkZUBWeC/zewjk/SQotVFAXAg1E="></latexit>

The constraints in H⇠ are saturated at the optimum.

<latexit sha1_base64="w1dDWc/yupV2YUGEHhK3L8nyPDI="></latexit>

Pe = argmin
P2H⇠

hP,Ci.

<latexit sha1_base64="KwgMpY4SiP8jby6Y2C7J+/9xVaM="></latexit>

Pse := argmin
P2H⇠\S

hP,Ci.

<latexit sha1_base64="xFVHwTBKESPCV/vRHK5GWLa8WzM="></latexit>P
i pi = 1

<latexit sha1_base64="TdWuumOMB4Iyb5B17ZptHxTLvWg="></latexit>

H(p)(0,...,0,1,0,...,0)

1
n

(1,...,1)

Enforce Symmetry

SNE & SNEkhorn

<latexit sha1_base64="fEC70ZCSucqjnu8VcTzShWnXGzQ="></latexit>

[CZ]ij =
�
log(1 + kZi: � Zj:k22)

�
ij
.

<latexit sha1_base64="e6nphww1jf77Q93gHX/uBdLYIC8="></latexit>

Extension to t-SNE / t-SNEkhorn with heavy-tailed kernels:
[Van der Maaten and Hinton, 2008]

Stochastic Neighbor Embedding (SNE)
<latexit sha1_base64="nGkLg9tYhIvfg0aw9Z9eqFAZWaE="></latexit>

min
Z2Rn⇥d

KL(Pe|eQZ)
<latexit sha1_base64="v5PEXBFOlt8AxYSlLAEtCYb5tOI="></latexit>

where [eQZ]ij = exp(�[CZ]ij)/
P

`,t exp(�[CZ]`t).

SNEkhorn
<latexit sha1_base64="R+n8afZ9494GnxTMSI2PVNLKzk0="></latexit>

min
Z2Rn⇥d

KL
�
Pse|Qds

Z

�

<latexit sha1_base64="fpVjxdRrYqpbdMHCm7tIHLp+sJI="></latexit>

Cost matrix between embeddings: [CZ]ij = kZi: � Zj:k22.

<latexit sha1_base64="Y//thWOCRpjW68/nCM9me/qzYgI="></latexit>

where Qds
Z = exp (fZ � fZ �CZ) is the DS-normalized a�nity.

<latexit sha1_base64="Y//thWOCRpjW68/nCM9me/qzYgI="></latexit>

where Qds
Z = exp (fZ � fZ �CZ) is the DS-normalized a�nity.
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<latexit sha1_base64="FB7/V/HkZLtnw9OP6KOAgxj4oCs="></latexit>

x̃i ⇠

8
<

:

M(1000,p1), 1  i  500
M(1000,p2), 501  i  750
M(2000,p2), 751  i  1000 .

<latexit sha1_base64="WNg4LIgOAp5T7/tHo9WbrL1YmhY="></latexit>

xi = x̃i/(
P

j x̃ij),
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SNAREseq Single Cell data

Spectral Clustering Experiments

Robustness to Noise (2/2)

Property
<latexit sha1_base64="9yTvP6DYLfpuipK6d/rttvpG4Hc="></latexit>

For at least n� 1 indices i 2 [[n]], it holds H(Pse
i: ) = log ⇠ + 1.

<latexit sha1_base64="k6tVAMikF3YH5i5MSaqNuVMQGro="></latexit>

In practice, we have n saturated entropies.

1

<latexit sha1_base64="iph97eDWIRylE/N1siBgRde7NkY="></latexit>

Pse = exp ((�? � �? � 2C)↵ (�? � �?))
<latexit sha1_base64="eRRSfw5UkO+zvf/0w3j5NV0MGd0="></latexit>

where �? and �? are computed using dual ascent.
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COIL-20 Image dataDR Experiments

* Simple t-SNEkhorn —> t-SNEkhorn with same affinity as t-SNE for the embeddings  (not doubly stochastic).Z

Dual Ascent

Can we build a symmetric affinity with controlled  norm 
and entropy in each point? 

ℓ1

Context

<latexit sha1_base64="x4hsD1A5HP04QdZ8gOMvLEKVSjk="></latexit>

Cost matrix: C 2 Rn⇥n
+ such that C = C> and Cij = 0 () i = j.

<latexit sha1_base64="KMOPpXw8uxNOqkMBamZoS6fg0DQ="></latexit>

Example: Cij = kxi � xjk22.

<latexit sha1_base64="x4hsD1A5HP04QdZ8gOMvLEKVSjk="></latexit>

Cost matrix: C 2 Rn⇥n
+ such that C = C> and Cij = 0 () i = j.

Starting point 

Entropic Affinity as OT

<latexit sha1_base64="I2thqPZDwYD9xyrn/6Zsxngx/vs="> aRfH6Gatr0c5obJqo+1+O6llzl9wE5xeE1lPt8tTL2q3uf/79BGm2UyOh7Wqk8nzCYJnzu1Cm188YXb91cb/62qvDDwZ219d+sffDkzs3ff1D9JqtvJz9Jfpb8Qs+l3ya/177rrvZBRslfk78l/0j+eXp6+sfTP53+maFf/UrF+XEi/pz+5T+MczAa</latexit>

Controls the entropy in each point with adaptive bandwidths.

<latexit sha1_base64="zaOGXICd8pVv7FxtifTXRVGoABs="></latexit>

Symmetric matrices S = {P s.t. P = P>}.


